We consider a central extension of the mapping class group of a surface with a collection of framed colored points. The Witten-Reshetikhin-Turaev TQFTs associated to SU(2) and SO(3) induce unitary representations of this group. We show these representations have finite image in the case r is an odd prime. We show this for all r if the surface is a sphere. We show this for all r if the surface is a torus and there are no colored points.
Introduction
We will use the version of the Witten-Reshetikhin-Turaev TQFTs [W,RT] associated to SU (2) and SO(3) [W,RT] constructed by [BHMV] . In particular, we will use the notation where V p for p = 2r is the a version of the TQFT associated to SU (2). Also V p for p odd is the a version of the TQFT associated to SO(3). We will assume that p ≥ 3. We will actually use a variant of the [BHMV] approach. We adapt an idea of Walker [Wa] and replace, in the definition of the cobordism category, a p 1 -structure on a surface Σ with a Lagrangian subspace of H 1 (Σ), and a p 1 -structure on a 3-manifold M by an integer and a Lagrangian subspace for the boundary of M. If one does this, one may work over the ring r p = Z[A p ,
where A p is a primitive 2pth root of unity, and k . So k p plays the role of κ 3 p . This makes no real difference to the arguments below but simplifies some expressions. We prefer not to take further roots of unity than necessary.
Let Σ be a closed oriented surface together with fixed choice of Lagrangian subspace ℓ and also with a (possibly empty) collection of framed points colored with the colors of the theory. A color is a integer from zero to p/2 − 2 if p is even. If p is odd, a color is an even positive integer less than or equal to p − 3. Consider the mapping class group consisting of isotopy classes of diffeomorphisms f of Σ to itself preserving the orientation, the coloring and framing on the points. Consider M(Σ), the central extension of this group as described in [Wa] whose elements are pairs (f, n). The product is defined using a correction term coming from Wall's non-additivity function or the Maslov index. If (f 1 , n 1 ) : (Σ 1 , ℓ 1 ) → (Σ 2 , ℓ 2 ), and (f 2 , n 2 ) :
Σ is assigned a free r p -module V p (Σ), which comes equipped with a unimodular Hermitian form < , > Σ . The mapping cylinder, C(f, n), of f equipped with a integer n is a morphism from Σ to itself in the cobordism category we consider. Thus it induces an endomorphism Z p (C(f, n)) of V p (Σ). As C(f, n) is a mapping cylinder, Z p (C(f, n)) is an isometry of this form. Note this would not be true for an arbitrary morphism in the cobordism category. In this way, we obtain a representation ρ p of M(Σ) into the group of isometries of V p (Σ).
Theorem. If one of the following conditions holds:
(1) p is an odd prime r, (2) p is twice an odd prime r, Wright has studied the projective version of these representations for p = 8 [Wr1] (with no colored points). One result of her work is that the image this representation is finite. In [Wr2] , Wright studies the p = 12 case for genus two surfaces (without colored points) and can again concluded the image this representation is finite.
Interestingly, Jones has shown that his representations of the n strand braid group into his algebras A n (t) have finite image if and only if t = 1, e 2πi 4 , e 2πi 6 . These finite representations are studied by Birman and Wajnryb [BW] . Under the translation connecting the Jones polynomial to the Kauffman Bracket A 4 ⇆ t −1 , A is a primitive 4th, 16th, or 24th root of unity, in the cases where the representation is finite. The last two cases are those considered by Wright. Thus it might seem that we should not have expected a finite image for the WRT representation for many p. Note that by taking Σ to be sphere with n points, all with the same color, we obtain many finite representations of the the braid group. Although these representations are related to those of Jones, they are different.
A hint leading to our result was our computer calculation [G1] of the map, Z p (F 8),induced by the monodromy of the figure eight knot for p ≤ 20. We found that in every instance Z p (F 8) had finite order, even though the monodromy itself was nonperiodic . Here is the list of the periods for p from 3 to 20: 1, 1, 10, 6, 4, 3, 12, 30, 5, 12, 14, 12, 20, 12, 18, 12, 9, 60 . We conjectured that Z p (F 8) would have finite period for all p. In attempting to prove it, we were lead to the above stronger result.
Let i ± denote the embeddings of r p into C which sends A p to ±e 2πi 2p
and the element η p ∈ r p to a positive number. See [BHMV, MR1] for the definition of η p . For either imbedding, the induced form on V p (Σ) ⊗ C is positive definite. We will prove our result in each case by showing that with respect to a fixed basis, Z p (f, n) is represented by matrices whose entries lie in certain subsets of r p which map under i + and i − to subsets of C which are discrete. On the other hand, each column in one of these matrices must have specified norm. There can only be a finite number of vectors with this norm whose entries are in a discrete subset. Thus there are only a finite number of possible matrices which can describe isometries in the image of In §1, we prove the result for p = r or 2r for r an odd prime. It turns out this follows easily from the "integrality" of the associated quantum invariants of closed manifolds with links. For manifolds without links this is due to H. Murakami [M1] [M2], although he states the result only for rational homology spheres. Masbaum and Roberts [MR] have given an elegant proof of this result for manifolds including the case where the manifolds contain colored links.
In §2, we prove the result for the case of torus without any colored points, by studying Jeffrey's explicit formula [J] for the representation on
in terms of a, b, c, and d. In §3, we deal with the case of a 2-sphere. In this case, we may ignore the extra structure of an integer and obtain actual (rather than projective) representations. In this way, we obtain many finite representations of the braid group and the pure braid group.
We mention now some obvious corollaries of the theorem. Let < M > p denote the invariant in r p assigned by the theory Z p to a closed 3-manifold (with an integer).
Corollary 1. Fix p. The lens spaces (without a colored graph) assume only finitely many values under
< > p .
Corollary 2. Fix a positive integer g, and an odd prime r. Let p = r, or 2r. The closed 3-manifolds of genus g (without a colored graph), assume only finitely many values under < > p
Actually this second corollary can be obtained more directly from the integrality of < M > p and the bound on < M > p in terms of the genus of g given by Walker, Kohno [K] and Garoufaldis [Ga] . Note this bound on the genus was also proved using the unitarity of ρ p . §1 The case: r is an odd prime Let r be an odd prime. Let p be either r or 2r. Note that the colors in both cases are integers form zero to r − 2, with the additional restriction that the colors must be even if p = r. Let λ p be such that
Let M be a closed 3-manifold together with an integer. Let G be an r-admissibly colored fat graph in M, then its expansion is a linear combination over Z[q p ] of colored links in M. Here q p = A 2 p . This depends on the integrality of the coefficients in Wenzl's recursion formula for the idempotents [MR1]. Raising the integer attached to M by one just multiplies < (M, G) > p by k p . So by the integrality result of [MR1],
. So for every morphism (M, G) in our cobordism category from the empty set to itself, we have
is a discrete subset of C, it is enough to prove the following Lemma which applies not only to mapping cylinders but to all endomorphisms (of nonempty surfaces ) in our cobordism category. An endomorphism in our cobordism category N is a 3-manifold (with an integer) whose boundary has been identified with Σ −Σ containing a p-admissibly colored fat graph whose boundary matches the colored framed points of Σ and −Σ.
Lemma 1. Suppose the genus of Σ is g. We may pick a basis for V p (Σ), so that for every endomorphism N of Σ to itself, the matrix for Z p (N ) with respect to this Proof. Let H be a handlebody with boundary §. Pick a fat graph G in H with boundary the the framed points, such that H deformation retracts to G. The padmissible colorings σ i of G which extend the coloring on the boundary describe a basis for V p (Σ), [BHMV, 4.11] . This basis is orthogonal with respect to the unimodular form defined on
. Perhaps the special case where Σ is a 2-sphere with no colorerd points should be discussed separately. In this case G is empty, there is only one coloring σ and
It follows that the matrix for Z p (N ) with respect to the basis {σ i } has entries in (
The same proof also proves Lemma 2. Let Σ and Σ ′ be two objects of our cobordism category, and let g denote the genus of Σ We may pick bases for V p (Σ), and V p (Σ ′ ), so that for every morphism N from Σ ′ to Σ, the matrix for Z p (N ) with respect to these bases has entries in (
The case: a torus with no colored points p even subcase. Let p = 2r. Jeffrey [J] studies a matrix representation R of SL(2, Z), coming from conformal field theory, which Witten uses in [W] . SL(2, Z) is the mapping class group of the torus. For f ∈ SL(2, Z), MR2, note p.134] . Here x is some integer depending on f and n. From Jeffery's expression for
where s = 4r if r is even and s = 8r if r is odd. Here we let the symbol ∈ mean " has all entries in lying." We also adopt the notation ζ t = e 2πi t . To see this, we need to observe the √ t ∈ Z[ζ 4t ] using Gauss's quadratic sum. We will show
. This will suffice for our purposes, as then the entries of matrix representations of ρ p (f, n) will map under i − to a discrete subset of C.
We have
we also have
As a,c are relatively prime, it follows that
p odd subcase. Z p of a 3-manifold is always multiplication by a power of k 3 , i.e. the p=3 theory is basically trivial. Therefore by [BHMV, 1.5] , Z 2 ≈ Z 6 , under a certain ring homomorphism. Note we are working in the case of no colored points and therefore no colored links. We already have our result for p = 6. Also by [BHMV, 1.5] , Z 2p ≈ Z 2 ⊗ Z p . So our result for Z 2p implies the result for Z p §3 The Case: A sphere with colored points
As a sphere has trivial first homology, there is a unique Lagrangian subspace. We may as well attach the integer zero to every cobordism from a decorated 2-sphere to itself. We obtain, in this way, an actual (rather than projective) representation of the mapping class group of the 2-sphere with colored framed points. These groups are just colored braid groups of the 2-sphere. We have natural homomorphisms of the ordinary braid groups of the disk obtained by including the disk into the 2-sphere and giving each point the same color. Arbitrary colorings yield representations of the pure braid group.
Pick a fat tree G in the 3-ball B with boundary the framed points As before, the p-admissible colorings σ i of G which extend the coloring on the boundary describe a basis for V p (Σ). If N is endomorphism of Σ in our cobordism category with integer zero and underlying 3-manifold diffeomorphic to S 2 × I, < (B, σ i ) ∪ N ∪ (−B, σ i ) > p ∈ η p Z[A p ]. Each (< σ i , σ i > p ) can be written as η p times a fraction with both numerator and denominator a product of quantum integers [c] for c a color of the theory. Recall each of these quantum integers lies in Z[q p ]. Consider the finite set of all denominators which appear as we vary over all p-admissible colorings of G. Let d p be a common multiple of these denominators in Z[q p ]. With respect to this basis, Z p (N ) will have a matrix with entries in
